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ABSTRACT

A stationary iterative method for solving a singular system Ax = b converges for
any starting vector if limiooG! exists, where G is the iteration matrix, and the solution
to which it converges depends on the starting vector. We examine the behavior of sta-
tionary iteration in finite precision arithmetic. A perturbation bound for singular systems
is derived and used to define forward stability of a numerical method. A rounding error
analysis enables us to deduce conditions under which a stationary iterative method is
forward stable or backward stable. The component of the forward error in the null space
of A can grow linearly with the number of iterations, but it is innocuous as long as the
iteration converges reasonably quickly. As special cases, we show that when A is sym-
metric positive semidefinite the Richardson iteration with optimal parameter is forward
stable, and if A also has unit diagonal and property A, then the Gauss-Seidel method is
both forward and backward stable. Two numerical examples are given to illustrate the
analysis.
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1. INTRODUCTION

Singular linear systems occur in various applications, such as the computation of
the stationary distribution vector in a Markov chain [1, 8] and the solution of a
Neumann boundary value problem by finite difference methods {11]. Because
of the structure and the possibly large dimension of the coefficient matrices in
these applications, iterative methods are frequently used to solve the systems.
A potential danger is that the rather delicate convergence properties of the
iterative methods will be destroyed by rounding errors. Keller [9] discusses this
possibility for stationary iteration, and gives a short argument from which he
concludes that “the spurious contributions in null(A) grow at worst linearly and
if the rounding errors are small the scheme can be quite effective.” In this work
we extend our analysis in [6] to provide a quantitative error analysis of stationary
iteration for singular systems.

In Section 2 we set up our notation and review the behavior of stationary
iteration in exact arithmetic. In Section 3 we define normwise and component-
wise forward and backward stability of a numerical method for solving singular
systems. Backward stability can be defined as in the nonsingular case; forward
stability cannot, so we derive a new perturbation result to help us formulate an
appropriate definition.

A forward error analysis is presented in Section 4. We split the error into its
components in null(A) and its complement. The error bounds enable us to iden-
tify conditions under which stationary iteration is normwise or componentwise
forward stable. A bound for the residual, and hence for the normwise backward
error, is derived in Section 5. In Sections 6 and 7 we give examples of how uncon-
ditional stability can be deduced in special cases: we show that (1) the Richardson
iteration with optimal parameter is normwise forward stable if A is symmetric
positive semidefinite and (2) the Gauss-Seidel method is both normwise forward
stable and normwise backward stable if A is symmetric positive semidefinite with
unit diagonal and has property A. Finally, two numerical experiments with the
Gauss-Seidel method are described in Section 8. One shows how the analysis
correctly predicts forward and backward stability for a Neumann problem, and
the other displays instability of the Gauss-Seidel method, with linear growth of
the component of the error in null(A), which again is in accord with the analysis.

A useful tool in analyzing the behavior of stationary iteration for a singular
system is the Drazin inverse. This can be defined, for A € IR**", as the unique
matrix A? such that

APAAD = AP, AAP = APA, and AFFTAD = A%,

where k = index(A). The index of A is the smallest nonnegative integer k
such that rank(AF) = rank(AF*1); it is characterized as the dimension of the
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largest Jordan block of A with eigenvalue zero. If index(A) = 1, then AP is also
known as the group inverse of A, and is denoted by A*. The Drazin inverse is an
“equation-solving inverse” precisely when index(A) < 1, for then AAPA = A,
and so if Ax = b is a consistent system then APp is a solution. As we will see,
however, the Drazin inverse of the coefficient matrix A itself plays no role in the
analysis. The Drazin inverse can be represented explicitly as follows. If

_[B 07,
A_P[O N]P ,

where P and B are nonsingular and N has only zero eigenvalues, then

-1
AP =p [BO 8] Pl

Further details of the Drazin inverse can be found in the excellent reference [2,
Chapter 7].

2. THEORETICAL BACKGROUND

Let A € IR"™" be a singular matrix. We consider solving Ax = b by stationary
iteration, using a splitting A = M — N, where M is nonsingular. The iteration
takes the form

Mxyy = Nx; +b.

First, we examine the convergence of the iteration in exact arithmetic. Since
any limit point x of the sequence {x;} must satisfy Mx = Nx + b, or Ax = b,
we restrict our attention to consistent linear systems. (For a thorough analysis
of stationary iteration for inconsistent systems see [4].) Writing the iteration as
Xk+1 = Gag + M~1b, where G = M~!N, and solving this recurrence, we obtain

m

X1 = Gy + Z GM b, (2.1)
=0

Since A is singular, G has an eigenvalue 1, so G™ does not tend to zero as
m — oo, that is, G is not convergent. If the iteration is to converge for all
xo then lim,, ..o G™ must exist. Following [10], we call a matrix B for which
lim,, oo B™ exists semiconvergent.

We assume from this point on that G is semiconvergent. It is easy to see [1,
Lemma 6.9] that G must have the form

G:P’-(I) g]P—l, (2.2)
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where P is nonsingular and p(I") < 1. Hence

. m_pld 0,01
Jm G —P[o O]P :

To rewrite this limit in terms of G, we note that

_of0 0 1,4
I—G_P[O I_F]P : (2.3)

and, since I — I is nonsingular,

p_pl|0 0 -1
I-@) _P[O (I_F)_I]P ) (2.4)
Hence
n}g%o G"=I—-(0-G"1-0G). (2.5)

To evaluate the limit of the second term in (2.1) we note that, since the system
is consistent, M~'h = M~1Ax = (I — G)x, and so

Z GM'b» = Z Gi(I - G)x
i=0 i=0
= (- Gm+l)x

- (I-GPI-CGx=(J-GP M b,

using (2.5). We note in passing that the condition that G is semiconvergent is
equivalent to I — G having index 1, in view of (2.3), but that this condition does
not imply that A = M(I — G) has index 1.

The conclusion is that if G is semiconvergent, stationary iteration converges
to a solution of Ax = b that depends on xo:

lim xp =1 — T —GPU -G xo+ I - GPM'b. (2.6)

m—>00

The first term in this limit is in null(I — G), and the second term is in range(I - G).
To obtain the unique solution in range(I — G) we should take for xg any vector
in range(I — G) (xo = 0, say). In Section 4 we modify the above analysis to
incorporate the effects of rounding errors. To guide the error analysis we need
to know what we are aiming to prove. Therefore in the next section we examine
forward and backward stability for singular systems.
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3. STABILITY FOR SINGULAR SYSTEMS

The notion of numerical stability is well understood for nonsingular systems
Ax = b. A method is said to be normwise backward stable in floating point
arithmetic if it produces a computed solution x that satisfies

16 — A < cuClAN Iz + 1151 (3.1)

for some constant ¢,, where u is the unit roundoff. As is well known, this condition
is equivalent to the condition that ¥ solves a slightly perturbed system (see [6],
for example). The definition of componentwise backward stability is obtained by
replacing the norms with absolute values in (3.1). These definitions are applicable
also to consistent singular systems, but in this case the size of the residual b — Ay
cannot be used to bound the error x — y for a particular solution x; indeed, the
error can be arbitrarily large even when b — Ay = 0.

However, it is possible to bound the distance from ¢ to the nearest solution
vector,

83(y) = min{|ly — x|z : Ax = b}. (3.2)

The constrained least squares problem defining 8:(y) is easily solved by noting
that if Ax = b, then z = y — x satisfies Az = Ay — b = r. The required z
is the solution of minimum 2-norm to the consistent system Az = r, and so
82(y) = |A*r|lz, where AT is the Moore-Penrose pseudoinverse. Hence, like
the error in the nonsingular case, 82(y) can be bounded in terms of the residual,
but with ||A* ||z replacing [|[A™1|l2. We do not need 8, for our stability definitions,
but we will make use of it in Section 4.
A method for solving nonsingular systems is normwise forward stable if

llx =% < cpun(A)xll, (3.3)
where « (A) = ||A|| JA~!||, and componentwise forward stable if
llx =% < chull|A~Y Al Ix]]. (3.4)

Here, and throughout, the norm is assumed to be monotonic (that is, [x| <
lyl = llxll < llyll [7, p. 285]). These definitions are clearly unsuitable for a
singular system, since they involve A~!. Moreover, since the solution to which
stationary iteration converges depends on the method [as shown by (2.6)], a
useful definition of forward stability must be method-dependent. We use the
following perturbation result as the basis for our definition of forward stability.
The result projects the perturbations into range(I — G) and so can be thought
of as gauging the effect of perturbations to the “nonsingular part of the system.”
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THEOREM 3.1. Let x be a particular solution of the consistent and singular
linear system (I — G)x = M~'b, where G, M € R™" and G is semiconvergent.

Consider the perturbed system
EI - (G+AQ)](x+ Ax) =EM + AM)_I(b + Ab), (3.5)

where E is the projector (I — G)P(I — G), the underlying perturbations are AM,
AN and Ab, and

G = MIN, G+AG=M+AM)I(N + AN),
A = M-N, A+AA=M+ AM)— (N + AN).

Suppose that [|AM]| = O(e), |AN|| = O(e), and ||Ab|| = O(e). If p((I —
G)P AG) < 1, then there exists a vector Ax satisfying (3.5) such that

Ax = (I — GYPM™(Ab — AAx) + O(e?).
Proof. We define f to be the vector satisfying
M+ AM)' b+ Ab) =M b +f.
Expanding (3.5) and simplifying, we have
(I —G)[I - U - GPAG]Ax = E(f + AGx),
which has a particular solution
[I- U -CGPAG)Ax =T - GO (f + AGx). (3.6)

Since p((I — G)PAG) < 1, the matrix I — (I — G)P AG is nonsingular, and so
(3.6) has the unique solution

Ax = [I-I-GPAG] I~ GP¢ + AGx)
= (I-GP({ + AGx) + O(?). (3.7)

It is simple to show that

f = M YAb+ AMGx — AMx) + O(€?),
AG = M YAN — AMG) + O(e?),

and substituting these formula into (3.7) completes the proof. n
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Our definition of componentwise forward stability is motivated by assuming
that |[AA| < €|A| and |Ab| < €|b|, where € = c,u, and using the theorem
to obtain the first order bound, for any absolute norm, |Ax| < cnull |(I —
G)PM~Y(|Al |x| + |b|) ||. Thus we define a stationary iterative method to be
componentwise forward stable if the computed solution ¥ satisfies

e =% < cqu|Id — GYPM7Y Al I, (3.8)

where x is the solution that would be computed by the method in exact arithmetic.
Note that we have omitted b from the right-hand side, but since |b| < |A|lx| this
merely changes the constant ¢,.

Similarly, a stationary iterative method is normwise forward stable if the
computed solution ¥ satisfies

e =% < cauell I — GYPM A llx]. (3.9)

That these are appropriate definitions of forward stability is supported by the
properties that they are method-dependent when A is singular, and that when
A is nonsingular they reduce to (3.3) and (3.4), since then (I — G)PM~1 = A~1.

4. FORWARD ERROR ANALYSIS

We use the same assumptions and model of floating point arithmetic as in [6].
Thus we assume that xx,; is computed by forming Nxx + b and then solving
Mxi1 = Nxi +b, and we use the standard model of floating point arithmetic (in
its weaker form that is valid for machines without a guard digit). The computed
vectors X satisfy an equality of the form

(M + AMy )% = N3 +b + f,

or

Mz = Nxp +b — &, (4.1)
where
ék = AZ\’Ik+17‘f\k+1 —fk-

For the Jacobi, Gauss-Seidel, SOR, and Richardson iterations it is easy to show
[6] that
&l < cqu(IM| Ryq1] + IN| [xK| + 160, (4.2)

where ¢, is a constant of order n; for the rest of the analysis we will assume that
(4.2) is satisfied.
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Solving the recurrence (4.1), we obtain [cf. (2.1)]

Toe1 = G g + ) GMTN B ~ B (4.3)

i=0

We wish to bound e = x — %41, where x is the limit in (2.6) corresponding
to the given starting vector x¢. Since the iteration is stationary at the solution x,
we have, from (2.1),

x =G "+ Y " GM7b, (4.4)
i=0
Subtracting (4.3) from (4.4), we obtain

€m+l = Gm-HeO + Z G'M~ ‘Sm i
i=0

The first term, G™*ey, is negligible for large m, because it is the error after
m + 1 stages of the exact iteration and this error tends to zero. To obtain a useful
bound for the second term, we cannot simply take norms or absolute values,
because Y ;" o G' grows unboundedly with m (recall that G has an eigenvalue
1). Our approach is to split the vectors & according to & = %‘,-(1) + Ei(z), where
M “léi(l) € range(I-G)and M _IEi(Z) € null(I—G); this is a well-defined splitting
because range(I — G) and null( — G) are complementary subspaces [since
index(I — G) = 1, or equivalently, G is semiconvergent]. Using the properties
of the splitting, the error can be written as

m
i 1 2.
emil = Gm+leo + Z GM 7(n ); + Z Gl ( )
i=0

o+ Y MY, MY 2,
i=0

i=0
We achieve the required splitting for & via the formulae
gV = MEM™'g, £P =MI-BME,

where

E=(I-GPI-0).

Hence the error can be written as

m m
en1 =G eo + ) GEM G + A~EM ™' Y £ (45)
o i—0
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Clearly, as m — oo the final term in this expression can become unbounded,

but since it grows only linearly in the number of iterations, it is unlikely to have

a significant effect in applications where stationary iteration converges quickly

enough to be of practical use. This point s also addressed in [9] (see the quotation

in Section 1), but without the benefit of an explicit expression for the error.
Now we bound the term

S, = Z GEM™'&,,_;. (4.6)
i=0

The inequality (4.2) gives us a bound on the size of the error vectors & that
depends on the iterates xj. As in [6], we define the ratios

m) el
6, = .y = sup K (4.7)
" i ( w ) T R

in terms of which [x;| < &:|x| and |Xk|| < wllx|| for all k. Here, x is the vector
given in (2.6). We have the componentwise and normwise bounds

173
M8kl

cau(l +6) (M| + INx| = &c,
cuu(l+ y) (IMI + IND x|l = &,

=
=

where ¢], = ¢, for the co-norm and ¢, = /n¢, for the 2-norm. Returning to
(4.6), we obtain the bound

Sl = |Y_GEM™'%,_,
i=0
< Y IGEM &
i=0
> :
< Y IGEM i, (4.8)
i=0

and also the normwise bound

x>
ISkl < D IGEM ™|,
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The convergence of the two infinite sums is assured by Lemma 2.1 in [6], since
by (2.2), (2.3), and (2.4),

GE=GI-OPI-G)
o[ I 0] [0 0 1.p| 0 O -1
‘P[o rf]P P[o (I—F)—I}P P[o (I—F):]P

=P[ (0) 19i ]P“l =(GE) (@(=>1), (4.9)

where p(I") < 1.
We conclude that we have the normwise error bound

lemll < NIG™eoll + (1 + y)IMI| + INID x|

x {Z WGEM™| + (m + DI — E)M-1||] . (4.10)
i=0

On setting E = I we obtain the result for the nonsingular case given in [6]. If
we assumne that I" is diagonal, so that P in (4.9) is a matrix of eigenvectors of G,
then for any absolute norm,

o0
. 1
IGEM™| < kP IM Y| ——=.
; 1—p@)

This bound shows that a small forward error is guaranteed if k (P) M~ || = O(1)

and the second largest eigenvalue of G is not too close to 1. (It is this subdominant

eigenvalue that determines the asymptotic rate of convergence of the iteration.)
Turning to the componentwise case, we see from (2.4) and (4.9) that

m .
Y GE=01-06)".
i=0
Because of the form of the bound (4.8), this prompts us to define the scalar
c(A) = 1 by
0 .
¢(A) = min {e : Z IGEM™!| <€l —GPM7Y| ¢,
i=0
in terms of which we have the componentwise error bound

leme1] < 1G™eg] + ciu(l + 8 {c(Ad = G)PM ™
+(m + DI — EM~ Y AM| + INDIx]. (4.11)
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Again, as a special case we have the result for nonsingular A given in [6].

As in the nonsingular case, the bound (4.11) has desirable scaling properties.
If the elements of M and N are linear combinations of those of A, then c(A) is
independent of scalings A — D1AD; (D; diagonal and nonsingular) and in most
respects (4.11) is invariant under such scalings—the exception is the term 6,,
which can be expected to depend only mildly on the scaling.

From (4.11) and (3.8), we deduce conditions on a stationary iterative method
that ensure it is componentwise forward stable: the constants 6, and c(A) should
be bounded by d,,, a slowly growing function of n; the inequality [M|+|N| < d, |A|
should hold, as it does for the Jacobi method, and for the SOR method when
w € [B, 2], where B is positive and not too close to zero; and the “exact error”
G™+ley must decay quickly enough to ensure that the term (m+ 1)|(I — E)M ~1
does not grow too large before the iteration is terminated.

Unlike for the case of nonsingular A, it does not seem possible to identify
important classes of matrices and methods for which componentwise forward
stability is guaranteed. As an indication of the difficulty, whereas c(A) = 1 for
the Jacobi and Gauss-Seidel methods if A is a nonsingular M-matrix [6], when
A is a singular M-matrix c¢(A) can be infinite. An example for the Gauss-Seidel
method is the n x n matrix with @; = n — 1 and a;; = —1 fori # j, for which, for
certain n, (I — GY?M~1 has zero elements that are nonzero in the terms G:EM L.
There is, however, a theoretically interesting class of iterations and matrices for
which ¢(A) is likely to be small. This is the class for which A = M — N is a regular
splitting, that is, for which M =1 > (0, I — G has index 0 or 1, and NE > 0; this
definition, from [10], generalizes the classical definition of Varga [14] to singular
matrices. For a regular splitting, for i > 1 we have

GEM™ = (GEYM™' = M 'NEYM~1 > 0,

and so if also EM~! > 0 then c(A) = 1. Of more practical interest is the fact
that normwise stability results can be obtained for some standard methods, as
we show in Sections 6 and 7.

Finally, we suggest another approach to dealing with the potentially danger-
ous term (I — E)YM~* Y& in (4.5). Premultiplying a vector by I — E moves it
into the null space of I — G, which is also the null space of A. If we measure
error by the distance 83(x;) from the iterate X} to the nearest solution vector [see
(3.2)], then we can ignore (I — EYM~! " &;, as this term moves us paralle] to
the solution space. Hence, in the normwise case, by a slight modification of the
above analysis,

1
8a@mt1) < IG™ ez

e uYm[(IMll2 + INII2) 1%}, 12 + 115]2)

o
x Y IGEM™ 5,
i=0
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where x| | is the nearest solution vector to %11 and

(I

oskzm o

VYm

A possible drawback of this approach is that «},, | can be large normed, which
may make it an unacceptable solution.

5. THE RESIDUAL

Now we investigate the size of the residual, 7,41 = b — A%, 41, in order to bound
the backward error. From (4.3) and (4.4) we find that

m
ros1 = AG™ @ —x0) + ) AGM M.
i=0

It is easy to show that AG' = H'A, where H = NM~! (recall that G = M™'N).
Therefore

rmar = H™ '+ )" H(I — B (5.1)
i=0

Since the right-hand side of (3.1) contains ¥ rather than x, we modify the
definitions of 6, and y;, in (4.7):

Xk i Ik I

Vm = max .
" oskm (Bl

6, = max max ,
O<k<m 1<izn [Xmi1li

With these definitions, k| < 6 [Kpn41] and K|l < YalXns1ll for 0 < k < m,
and so, using (4.2),

& < caulBn(IM| + INDREns1] + 1B1].
&l < chulym(IMI+ IND Rl + 151].

From (5.1) we obtain the componentwise bound
lrm+1| < le+11"()I + Cnus[em(lMl + |Nl)&\m+ll + lbl]’ (52)

where
o0

S = Z [H'(I — H)|.

i=0
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The first term, H™*!rg, is the residual of the exact iteration after m + 1 stages,
so it tends to zero. Since G is semiconvergent and H = MGM -1 H is also
semiconvergent. Therefore H has the form

I 0 _
H=Q[0 F]Q E
where p(I') < 1, and
l. 0 0 .
H(I—H):Q[O F"(I~F)}Ql'

It follows from Lemma 2.1 in [6] that the sum defining S exists.

The bound (5.2) is essentially the same as the one that holds in the case of
nonsingular A [6]. As in that case, we are not aware of any classes of matrix or iter-
ation for which (5.2) implies componentwise backward stability. The normwise
analogue of (5.2) is

Irmir | < WH™ o)l + chuo [ym M1+ INID Enst Il + 1511, (5.3)
where
0 .
o= |H{I-H)
i=0

As is shown in [6], if H = XDX ™!, with D = diag(,), then for any p-norm

< (0 11— A4l
(o2 K 1Nax .
= O A 1= [u

(5.4)

Thus o is guaranteed to be small if H is diagonalizable with a well conditioned
matrix of eigenvectors and if H has no eigenvalues of modulus close to 1 other
than the eigenvalue 1.

For large m the normwise backward error satisfies

[l < 'y 0<nM|| + HNII)
AN i | + B = 7 Al ’

and for the co-norm the factor (M| + IN|)/I|All is bounded by 2 for the Jacobi
method and for the SOR method with 1 < w < 2. As we show in the next two
sections, normwise backward stability can be deduced in certain cases.
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6. RICHARDSON ITERATION

In this section we specialize our normwise forward and backward error bounds
to the stationary Richardson iteration, for which M = ol and N = oI — A, where
« is a parameter. We will assume that A is symmetric positive semidefinite, with
eigendecomposition A = QAQT, where Q is orthogonal and

A =diagh), M =A== A >Ap=---=0.

The parameter oy that minimizes p(G) = p(I — a~lA) is easily seen to be
dopt = (A1 + A,)/2. For a = agp, G has eigenvalues (A1 + A, — 24;)/ (A1 + A,);
since G is symmetric and these eigenvalues are either unity or strictly between
—1 and 1, we see that G is semiconvergent and hence the Richardson iteration
converges. We assume now that o = ap. To evaluate the bound (4.10) we note
that

GEM™' = o7 '(I —a7'AYAPA = a71QU — a7 ' A) APAQT,

from which it follows that

00

o0
GiEM—l — -1 l— -1 i
;n le = « Zolmjaxn oyl
Al — Ar
_1 1
> (x)

= a_l M — )\'_1
2, "

Since |M|lz + [IN]l2 < 2]|All2, the bound (4.10) simplifies to

i

AP l2.

lemiillz < IG™ eolla + chu(l + v [IAlIAP 2 + (m + DIT — APAllg] lixl.

Therefore, since AP = (I — G)’M ™1, we have normwise forward stability as long
as ¥ is not too large and convergence is reasonably quick.

For the residual, since H = G, we obtain from (5.4) o3 < A;/A,. Thus (5.3)
yields

Irmrille < IH™ rolls + chull Al AP e (Ym 1A N2 Ems1 2 + 1B1l2)-

This bound is larger by a factor |A[l2]|AP ||z than what is needed to guaran-
tee normwise backward stability. Of course, stability is assured if A has a small
“Drazin condition number” kp = |JA|ls||AP |2, and this must be the case if the
iteration is to converge at a reasonable rate, since p(G) = (kp — 1)/(kp + 1).
The results in this section generalize ones in [15] and [16, Theorems 3.3
and 3.4] that apply to the stationary Richardson iteration for symmetric positive
definite A. (In[16] the nonstationary cyclic Richardson iteration is also analyzed.)
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7. GAUSS-SEIDEL ITERATION

The Gauss-Seidel iteration is the stationary method defined by choosing M to

be the lower triangular part of A. It is known to converge in exact arithmetic if

A is symmetric positive definite. In [15] Wozniakowski shows that if A = I — B

is a symmetric positive definite matrix with property A, and B has zero diagonal

elements, then the Gauss-Seidel iteration is normwise forward stable. We now

show that this result remains true when we allow A to be positive semidefinite.
Since A has property A, B is of the form

0 F
e
hence
1 0 0 F
M:[ ~-FT I } Gz[o FTF]'

As A = ] — B is positive semidefinite and singular (by assumption), 1 = p(B)? =
p(FT'F) = p(G). It is easy to show that G is semiconvergent, from which it fol-
lows that the Gauss-Seidel iteration converges for any starting vector. In fact, the
Gauss-Seidel iteration converges for any symmetric positive semidefinite matrix
with positive diagonal elements—this follows from general results in [4, Theo-
rem 8; 9, Theorem 2].

Our aim is to bound S,, in (4.6). Therefore we examine closely the term
W, = GIEM~L. Recalling that E = (I — GPUI-G) = I -G)YI—G)P, we have

w o [0 FY[1 -F 1 -F 7°T1 0
T Lo FTF | [0 I-FTF || 0 I-F'F | | F" I

_ [ o FF'F-'d-FTF) I X I 0
- 0 (FTF{JI-FTF) 0 U-FTRP FT 1|
where X = F[(I - F'F)? + (I - FTF)®(I - F'F) —I] (using [2, Theorem 7.7.1]).
Multiplying out, we have

W, = [ FY, ., FT FY, :l

Y, FT Y,

where ¥; = (FTF){{I — FTF)(I — FTF)P, which satisfies ¥; = Y: It is
straightforward to show that every 1-eigenvector and null vector of B is a null
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vector of W W,. (By A-eigenvector we mean an eigenvector corresponding to
the eigenvalue A.) Now suppose thatx is a A-eigenvector of Band A # 0, 1. Then

Bx = 0 F X1 _ FXQ _ Axl
- FT 0 X9 - FTx1 - )\.xz ’

and if we lety = [kxf 117, then we see that WiTW,»y =A48-2(1 4+ Az)zy. Since
B is nondefective, we have found the eigenvalues of W W;, and so

IWilla = 227114+,  i>1,

where Ay is the absolute value of the largest eigenvalue of B that is strictly less
than 1 in magnitude.
Since A is symmetric, it has index 1 and

0 0
AD=QT[ 0 A7l ]Q, (7.1)

where Q is orthogonal and A is the diagonal matrix of nonzero eigenvalues of A.
From (7.1) and the definition of B we see that A = 1 — 1/{|A?||2. Furthermore,
if we evaluate ETE explicitly in terms of F, we find that the A-eigenvectors
of B (A # 1) are 1-eigenvectors of ETE, while the 1-eigenvectors of B are 2-
eigenvectors of ETE.We deduce that |[E||s = +/2, and asimilar procedure reveals
that ||I—E||; = +/2, too. Itis straightforward to show that 1M~ = (14++/5)/2.
Hence,

ISmllz = UEM'&nlla + Y IWiknoillz
i=1

IA

m
(MEM“Inz +(L+A3) Zx%"*) Ex
i=1
Aol + )»%))
< 34 ——MM—
< ( + 12 &~

1
(3 + T——)»o) Ev = B+ I1AP )8

A

Using this bound, together with the inequalities [|M||2 + [|N|ls < 3||A|2 and
I — EYM~1||s < 3, we obtain from (4.10) the final bound

lemsillz < 1IG™ M eollz + cpu + v llAllLIAP |2 + (m + D]llx]ls.
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It can be shown that |AP ||z = || — G)PM 1|y provided that F # I. Therefore
this bound guarantees normwise forward stability as long as y; is not too large
and the rate of convergence is not too slow.

Turning to the residual, our task is to bound Y, |H'(I — H)|2. Using
a similar approach to the forward error case we find that the eigenvectors of
[H'(I — H)]"H'(I — H) are identical to those of W;, but now with corresponding
eigenvalues A%~2(1 — 1%)2(1+ A2%), and these eigenvalues A of B are real. Hence

IH' (I — H)|lz = sign(M)AZ7L (1 — A2)(1 +2H12

for some eigenvalue A of B. Through further manipulation we can show that
III — Hl|s < 1.6 and so, since p(B) = 1,

(o] [e9)
DNHI~H)lly = I —Hllp+ Y sign()a* (1 =271 +23)'
i=0 i=1

< L6+ |A[(1L+2ADHV2

< 1.6++/2.

From (5.3) we obtain the final residual bound

1 "
Irm+ille < IH™ rollz + cqu(ymlAl2 @i llz + 1B1l2),

which guarantees normwise forward stability for large enough m, provided y,, is
not too large. The derivation of this residual bound is also valid if A is nonsingular.
A similar result for the nonsingular case, in which a different infinite sum is
considered, can be found in [15].

8. NUMERICAL RESULTS

We illustrate the foregoing analysis with two numerical examples. The computa-
tions were done in Matlab, for which the unit roundoffu = 2753 & 1.1 x 10716,

Our first example uses the matrix obtained when a Neumann boundary value
problem in two dimensions is discretized with the standard five point operator
on a regular mesh, namely, the block tridiagonal matrix [11]
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i D 21 b
-1 D -I
-1 D
A= . e BNZXNZ
D -I
-1 D -I
L —21 D J
where
( 4 =2 .
-1 4 -1
-1 4
D= e RMV,
4 -1
-1 4 -1
L -2 4 4

The matrix A has a one-dimensional null space spanned by the vector of all ones.

We took N = 5 and set b = Ay, where y = (1,2, ..., 25)". We took three
different starting vectors x¢: a random vector from the normal (0,1) distribution,
the vector of ones, and the vector of zeros. The iterations were terminated when
Xk = Xk41. We report in Table 1 various numbers of interest, including

b — AR loo e —Relloo
o Gi) = GG = X Tkl
1o () = A R+ Bl 7= 1]l

and
[1d — GPM A |||

cond(A, x) = l il

where, in each case, x is the true solution corresponding to xo. (We computed x
from (2.6), evaluating the Drazin inverse by the method in [2, Corollary 7.8.2].)
We see from the table that the Gauss-Seidel iteration performs in a component-
wise forward-stable and normwise backward-stable way. This is predicted by the
error bounds, since ¢(A), 6;, 000, and y, are all relatively small. The component-
wise backward error, which is not shown, is also less than the unit roundoff. Note
that, although there are over 100 iterations, the linearly bounded component of
the error in null(A) does not appear to influence the forward error.
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Table 1: Neumann problem

1APlo = 2.82, |IUI — G)PM™ oo =3.55,
max{[A| : det(G — AI) =0, A # 1} = 0.729,
c(A) =239, 0, = 5.98,
6, <193, 1w <1.00,

S IGEM Yo =432, (I — E)YM™ Yo = 0.5.
i=0

X Iters. |Ixllo0 cond(A,x) ming neo@x) ming Poo Xi)
Random 119 134 13.7 4.46E-17 1.19E-15
Ones 116 12.5 146 4.76E—-17 1.56E—15
Zeros 119 13.5 13.7 2.96E—17 1.18E—15

For our second example we take a nonsymmetric matrix of the form illus-

trated by

a a —1 1
Ay = ¢« o 1 =1 ’
a a o 1

o o 64 o

that is, a; = a fori > jand ay = (—1y~"*1 forj > i, except that a1 = a. This
is a modified version of a nonsingular matrix used in [5] to illustrate instability
of the Gauss-Seidel method. By evaluating G, it is easy to show that the Gauss-
Seidel method converges for this matrix (that is, G = M “INis semiconvergent)
whenever |a| > 1. We applied the Gauss-Seidel method to the system A,x = b,
withn = 30 and o = 4, where b = fl(A,x) with the x; equally spaced on [—1, 1]
(=1 =21 <x3 < --- < x, = 1). We took for the starting vector the “exact
solution” x. The results are displayed in Figure 1, and the relevant statistics are
as follows:

AP llo = 1.1I6E7, ||(I — G)PM™ || = 1.26E7,
max{|A] : det(G —AD) =0, A # 1} = 7 =0.25, cond(4,x) = 7.16ES,
c(A) = 4.32E2, 04 = 3.26E6,
6, = 1.00, 3, = 1.00,
o0
Y NGEM™ oo = 1.26E7, |[(I — E)YM ™| o = 8.14E5,
=0

Ripolle = 1.00,  82@00) = 2.16E—11.
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Figure 1: Gauss-Seidel iteration

We see from Figure 1 that the forward and backward errors grow rapidly
initially. After about 40 iterations the forward error reaches the level

o0
uy IGEM o,
i=0

which is the order of magnitude of the bound (4.10) for m = 40. Thereafter
the forward error grows approximately linearly (and continues to do beyond
the 400th iteration); this is entirely in accord with (4.10), because the linearly
growing term in (4.10) exceeds the infinite sum for m > 15. The backward
error remains bounded for m > 40, since the growing component of the error
lies in null(A). We do not fully understand the scalloping of the backward error
curve, but similar behavior with the Richardson iteration has been observed by
Trefethen [12] and Chatelin [3], and one way to investigate this phenomenon is
via pseudospectra [13]. This failure of the iteration to converge is not restricted
to ill-conditioned problems. If we change o to —4, then |AP}|» = 0.65 and
I(I—G)PM~! || = 0.64, and the forward and backward errors both grow rapidly
at first and then exhibit scalloping behavior, with the forward error oscillating at
around approximately 1071,
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