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Abstract.

Because of the special structure of the equations AX — X B = C the usual relation for linear equations
“backward error = relative residual” does not hold, and application of the standard perturbation result
for Ax = b yields a perturbation bound involving sep (4, B)~* that is not always attainable. An express-
ion is derived for the backward error of an approximate solution Y;if shows that the backward error can
exceed the relative residual by an arbitrary factor. A sharp perturbation bound is derived and it is shown
that the condition number it defines can be arbitrarily smaller than the sep(4, B) ™ '-based quantity that is
usually used to measure sensitivity. For practical error estimation using the residual of a computed
solution an “LAPACK -style” bound is shown to be efficiently computable and potentially much smaller
than a sep-based bound. A Fortran 77 code has been written that solves the Sylvester equation and
computes this bound, making use of LAPACK routines.
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1. Introduction.

The matrix equation
(1.1) AX - XB=C,

where Ae C™*™ Be(C"*" and Ce (""" arises in various mathematical settings.
Linear equations arising from finite difference discretization of a separable elliptic
boundary value problem on a rectangular domain can be written in this form, where
A and B represent application of a difference operator in the “y” and “x” directions,
respectively [26]. The discretized equations are more commonly written in the form

(1.2) (I, ® A — BT ® I,)vec(X) = vec(C),
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whichis equivalent to (1.1). Here, A ® B = (a;;B)is a Kronecker product and the vec
operator stacks the columns of a matrix into one long vector. (See [21, Ch. 4] for
properties of the Kronecker product and the vec operator.) This “big”, standard
linear system has a coefficient matrix of order mn with very special structure.

The equation (1.1) plays an important role in the eigenproblem. In particular, the
equation often has to be solved in algorithms that manipulate a real Schur decompo-
sition. Examples of such algorithms include an algorithm for block diagonalizing
amatrix described in [ 10, sec. 7.6.3], the algorithm used in LAPACK for re-ordering
the eigenvalues in the quasi-triangular form [3], and an algorithm for computing
real square roots of a real matrix [17]. In the latter two applications m,n e {1,2}, so
the system (1.2) has order 1, 2 or 4. Related to (1.1) is the separation of 4 and B,

1.3) sep(4, B) = minM,

xzo  IXllr
which is an important tool in measuring invariant subspace sensitivity [10, sec.
7.2.5],[27,28]. Here, we are using the Frobenius norm, |4y = (}; jla;*)"2. Ttis
easy to see that sep(4, B) # 0if and only if (1.1) has a unique solution for each C, or
that, equivalently, 4 and B do not have a common eigenvalue.

Equation (1.1)is known as the Sylvester equation (see [4] for a historical reference
that justifies this terminology). The special case with B = — A* is the Lyapunov
equation AX + XA* = C, which has many applications in control theory [14, 20].

The main purposes of this work are to evaluate the backward error of an
approximate solution Y to (1.1) and to determine the sensitivity of (1.1) to pertur-
bations in the data. In doing so we necessarily take full account of the structure of the
Sylvester equation. Expressions for the backward error and condition number can
be obtained from the work in [16], which applies to linear systems Ax = b in which
A depends linearly on a set of parameters. However, in the particular case of the
Sylvester equation itis easy to derive even simpler expressions directly, and the main
contribution of this work is to analyse these expressions and explain their im-
plications.

Backward error measures how much the data 4, B and C must be perturbed in
order for an approximate solution Y to (1.1) to be the exact solution of the perturbed
system. An important point explained in section 3 is that a small value for the
residual R = C — (AY — YB) does not imply a small backward error, unlike for
a standard linear system Ax = b. Although this point may not be widely appreci-
ated, it is not surprising, because in the particular case where m = n, B=0 and
C =1, we have AX = I, and it is well-known that an approximate matrix inverse
does not necessarily have a small backward error, even if it has a small residual (see
[8,15], for example). In section 2 we derive an explicit expression for the normwise
relative backward error of an approximate solution ¥, and determine under what
conditions it can greatly exceed the relative residual. This analysis answers the open
question raised in [5] of whether the Bartels-Stewart method for solving the
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Sylvester equation is backwards stable (indeed it answers the same question for any
method for solving the Sylvester equation, including the method of Golub, Nash and
Van Loan [9]).

In section 4 we give a perturbation result for the Sylvester equation; this yields
a condition number that reflects the structure of the problem. We show that this
condition number can be arbitrarily smaller than the quantity involving sep(4, B)~*
that has previously been employed in perturbation bounds in the literature. Of
particular practical interest is how to obtain, in terms of the residual, a forward error
bound for a computed solution X to (1.1). We explain in section § how to compute
efficiently an “LAPACK -style” bound that is potentially much smaller than the
usual sep-based bound.

We have written a Fortran 77 subroutine dggsvx that solves the Sylvester
equation and, optionally, estimates our suggested forward error bound and
sep(4, B). The subroutine dggsvx makes use of LAPACK routines [1] and is in the
style ofan LAPACK driver (release 1.0 of LAPACK does not include a driver for the
Sylvester equation).

2. Solving AX — XB=C.

In this section we briefly review methods for solving the Sylvester equation and
examine what can be said about the residual of the computed solution X. Knowl-
edge of the residual is useful in the following sections.

Bartels and Stewart [5] showed how to solve (1.1) with the aid of Schur decompo-
sitions of 4 and B. Suppose 4 and B are real and have real Schur decompositions
A= URUT, B= VSV, where U and V are orthogonal and R and S are upper
quasi-triangular, that is, block triangular with 1 x 1 or 2 x 2 diagonal blocks, and
with any 2 x 2 diagonal blocks having complex conjugate eigenvalues. (If 4 and
B are complex, the triangular Schur form is used and the following discussion is
simplified.) Then the equation transforms to UTAU - UTXV — U'XV-VIBV =
UTCV,thatis,RZ — ZS = D, orequivalently Pz = d, where P =, ® R — ST ® L,
z = vec(Z) and d = vec(D).

If R and § are both triangular then so is P, up to row and column permutations.
Therefore z can be obtained by back substitution, and standard backward error
analysis [10, sec. 3.1] shows that!

(2.1) (P + AP): = d, |AP| < ¢, a1 P),

where ¢, ,is a modest constant that depends on the dimensions m and n, and u1s the

i Tn fact, this result holds only for the usual “with guard digit” model of floating point arithmetic,
namely fi(x op y)=(x op yNl +6), ol<u op== [, -+, —. If the model is weakened to
Al £ 3 = x{1 + &) £ ¥{1 + B), e, 1Bl < u, asis necessary for machines that lack a guard digit, then (2.1)
is vitiated by the rounding errors in forming P, but (2.2) is still valid.
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unit roundoff. Here, inequalities and absolute values are interpreted component-
wise. Thus |d — P2| < ¢, ,ul P |Z|, which implies the weaker inequality

22 ID — (RZ — ZS)| < cm,ati(R] 1Z] + |Z] |S]).

If R or S is quasi-triangular then the computation of Z involves the solution of
systems of dimension 2 or 4 by Gaussian elimination with pivoting. If iterative
refinement is used for each of these systems “P# = d”, and if for each system P is not
too ill-conditioned and the vector |P| |Z] is not too badly scaled, then (2.1) and (2.2)
remain valid [25]. Otherwise, we have only a normwise bound.

1D — (RZ — Z8)|Ir < ¢ (IRl + ISIR) 1 Z]IF.

Because the transformation of a matrix to Schur form is a stable process, it is true
overall that

(2.3) IC ~ (AX — XB)lir < ¢, (I Allr + Bllr) I X5

Thus the relative residual is guaranteed to be bounded by a modest multiple of the
unit roundoff u, as was noted in [5].

Golub, Nash and Van Loan [9] suggested a modification of the Bartels-Stewart
algorithm in which A is reduced only to upper Hessenberg form: A = UHUT. The
reduced system HZ — ZS = D can be solved by solving n upper Hessenberg sys-
tems. As shown in [9], the Hessenberg-Schur algorithm can be more efficient than
the Bartels-Stewart algorithm, depending on the problem dimensions, and the
computed solution X again satisfies (2.3).

The use of iterative methods to solve (1.1) has attracted attention recently for
applications where 4 and B are large and sparse [22, 26, 297. The iterations are
usually terminated when an inequality of the form (2.3) holds, so here the size of the
relative residual is known a priori (assuming the method converges).

3. Backward error.

The normwise backward error of an approximate solution Y to (1.1) is defined by
(3.1 n(Y) =min{e(A4 + E)YY — Y(B + F)= C + G, |[E|; < ea,
IFllr < &B, 1Gllp < ey}

The tolerances o, § and y provide some freedom in how we measure the pertur-
bations. Of most interest is the choice « = || 4|z, § = [ B|p, y = ||Cllr, which yields
the normwise relative backward error. The equation (4 + E)Y — Y(B+ F)=C + G
may be written

(3.2) EY — YF — G =R,
where the residual R = C — (AY — YB). For a standard linear system Ax = b
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a small relative residual is equivalent to a small backward error. Specifically, it can
be shown [24] that

Irll2
afyl. +B°

where ||-||, denotes the vector 2-norm, |x|, = (xTx)!/%, and the corresponding
subordinate matrix norm. For the Sylvester equation a small backward error
impiies a small relative residual since, using the optimal perturbations from (3.1) in
(3.2), we have

(-4 IR|g=IEY — YF — Gllp < (@ + B | Yl + v)n(Y).

However, the reverse implication does not always hold. To see this we write (3.2) in
the form

(3.3) min{e(A+Ey=b+ f|E|,<ex |fl;<ef} =

(YT ® I,)vec(E) — (I, ® Y)vec(F) — vec(G) = vec(R),

that is, vec(E)/u

(3'5) [(Z( Y? ® Im)7 “B(In ® Y)’ —ylmn:l VeC(F)/ﬁ = vec(R).
vec(G)/y

This is an underdetermined system of the form Hz=r, where H is
mn x (m® + n? + mn), and H is certainly of full rank if y # 0. There are many
solutions to this system, but there is a unique one of minimum 2-norm, given by
z = H¥r, where H* is the pseudo-inverse of H. It follows that

(3.6) (I H 7l < n(Y) < |H 7|2

Since [|[H*r|, < |lH |I,)Irll2, with equality for suitable r, we see that the maximum
size of the backward error relative to the residual is dependent on ||H ™ [|,. We now
derive an expression for || H||,. In view of the general formula [ A7 ||, = Gmin(4)~ 1
for full rank A, where o, denotes the smallest singular value, our task is to

determine the smallest singular value of H.
If Y has the singular value decomposition Y = UZV*, then H is unitarily equival-

ent to the matrix

H=(VT"@U*) H diagU® U, 7V, 7®U)
(37) = [a(ET ® Im)a *ﬁ(In ® 2)7 —ylmn]'

Therefore H has the same singular values as H, and these are the square roots of the
eigenvalues of the diagonal matrix

HA* = PETZ QL) + P, @ ZET) + 2 L.
1t follows that the singular values of H are given by
oy = (@207 + pFe} + 9%, 1<i<m, 1<j<n,

where 6, > 62 = ... = Cmingmn = 0 are the singular values of Y and we define
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= Opaxemm = 0. Hence, assuming that H has full rank,
IH* ||, = @0 + fPop + 7)) 12

Combining this result with (3.6} we obtain

Gmin(m,n)-!- 1=

IRI
G.8) ) < B BT+ 7
where
9 (4 PIYe+7

ECT Y U

Thescalar g > 1is an amplification factor that measures by how much, at worst, the
backward error can exceed the relative residual. We now examine y more closely,
concentrating on the normwise relative backward error, for which a = A,
B = ||Bllrand y = |Cl|¢.

First, note that if n =1 and B =0, so that the Sylvester equation reduces
to a linear system Ay =c¢, then o, = |y|l, and 6, =0 for k> 1, so p=
Al IVlz + Nel DANANE YIS + lell3)V2. Since 1 < p < /2, we recover the result
(3.3) from (3.4) and (3.8), to within a factor \/ 2.

If m = n then

__ (UAle + IBIR) I YNF + ICllr
(NANF + IBIE) omin(Y)? + ICURY*

We see that u is large only when

(3.10)

ICle
I4llr + IBlg’

that is, when Y is ill-conditioned and Y is a large-normed solution to the Sylvester
equation. In the general case, with m # n, one of 62 and o7 is always zero and hence
pcan be large for a third reason: 4 (if m < n)or B(if m > n) greatly exceeds the rest of
the data in norm; in these cases the Sylvester equation is badly scaled. However, if we
set o = f§ = ||Ar + | B, which corresponds to regarding A and B as comprising
a single set of data, then bad scaling does not affect u.

If we allow only 4 and B to be perturbed in (3.1) (as may be desirable if the
right-hand side C is known exactly), then y = 0 and (3.10) and (3.11) remain valid
with ||C|iy replaced by zero. In thiscase u > || Y ||z | Y * ||, & x(Y)(for any m and n),
so u is large whenever Y is ill-conditioned (and included in this case is matrix
inversion). Conditions involving controllability which guarantee that the solution
to the Sylvester equation with m = n is nonsingular are given in [12], while in [7]
a determinantal condition for nonsingularity is given. It appears to be an open
problem to derive conditions for the Sylvester equation to have a well-conditioned
solution.

The following numerical example illustrates the above analysis. This particular

(3.11) 1Y llr >> 6min(Y) and ||Y]jp >>
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example was carefully chosen so that the entries of A and B are of a simple form, but
equally effective examples are easily generated using random, ill-conditioned A and
B of dimensionm, n > 2. Let

1 -1 I4+a 0
A—[l ’"1],3._14_&[ 0 1].

Define C by the property that vec(C) is the singular vector corresponding to the
smallest singular value of I, ® 4 — BT ® I,,. With = 107°, we solved the Sylvester
equation in Matlab by the Bartels-Stewart algorithm and found that the computed
X satisfies

IRl
(141> + 1Bl | X[ + [Clr

n(X)~ |Hrl, =221 x 1078, y = 5.66 x 10*2

=282 x 1077, ¢(X) = {2 x 108, 5 x 10°},

Matlab has unit roundoff # = 1.1 x 1071, so although X has a very acceptable
residual (as it must in view of (2.3)), its backward error is eight orders of magnitude
larger than is necessary to achieve backward stability. We solved the same Sylvester
equation using Gaussian elimination with partial pivoting on the system (1.2). The
relative residual was again less than u, but the backward error was appreciably
larger: n(X) ~ 1.53 x 1075,

The analysis above makes no assumption on the structure of the matrices 4 and
B. If A and B are (quasi-) triangular then one may wish to restrict the perturbations
E and F in (3.1) to have the same structure. This requirement can be met by
removing those elements of vec(E) and vec(F) in (3.5) that correspond to the “zero
triangles” of 4 and B, and deleting the corresponding columns of the matrix H. If H;
denotes H with column i removed then 6,;,(H;) < 04 (H), so one would expect
forcing preservation of triangularity to make the backward error no smaller and
potentially much bigger.

For the Lyapunov equation, in which B = — 4*, we need to modify the definition
(3.1) of backward error so that F = — E¥, in order to make a single perturbation to
the matrix A. Clearly, the modified backward error is no smaller than (3.1). The
analogue of (3.2)is EY + YE* — G = R. Assuming that the data are real this can be

written as

T vec(E)fa |
[a(YT® L) + (L, ® NI, —y1,:] [vec ©) /y] = vec(R),

where vec(ET) = IT7 vec(E), and where II is a permutation matrix known as the
vec-permutation matrix [13]. Unlike for the general Sylvester equation, no explicit
formula is available for the norm of the pseudo-inverse of the coefficient matrix.
Thus the added structure of the Lyapunov equation makes the backward error

much less analytically tractable.
To summarise, the backward error of an approximate solution to the Sylvester
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equation can be arbitrarily larger than its relative residual. The key quantity is the
amplification factor u in (3.9), which bounds the ratio of relative residual to
backward error.

In[5], Bartels and Stewart state that they were unable to show that the computed
solution X from their algorithm has a small backward error, although they could
show that it has a small normwise relative residual, as in (2.3). Our analysis, and the
numerical example, make it clear that X will not always have a small backward error
—for |H™r||, =~ |H™ ||,|7||; holds for some rounding errors (for example, if there is
just a single rounding error, so that r = fe,, where the kth column of H* has
maximal normy), and then (3.8) is an approximate equality, with u possibly large.

4, Perturbation result.

To derive a perturbation result we consider the perturbed Sylvester equation
(A + A4)X + AX) — (X + AX)B+ AB) = C + AC,
which, on dropping second order terms, becomes
AAX — AXB = AC — AAX + XAB.
This system may be written in the form

vec{A4)
4.1 Pvec(AX)= —[X"®1I, —-I,®X, —I,]|vec(AB) |,
vec(AC)

where P = I, ® A — B" ® I,,. If we measure the perturbations normwise by
¢ = max {[|AAl|g/a, |ABI|¢/B, |AC| /7}s

where o, f and y are tolerances as in (3.1), then

(4.2) IAX /X ||p < 3129,

is a sharp bound (to first order in &), where

(4.3) V=P X" ®L), —BL®X), —yLu]ll:/IXIl

is the corresponding condition number for the Sylvester equation. The bound 4.2)
can be weakened to

1AX |

4.4
@4 X llr

< 32 ¢g

where

@+ PIXllr +7
1X1e

@ =P,
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If [P (e + B)e < 1/2 then twice the upper bound in (4.4) can be shown to be
a strict bound for the error. The perturbation bound (4.4) with o = [[A{lz, 8 = | Bl
and y = ||C| r is the one that is usually quoted for the Sylvester equation (see [9, 14],
for example); it can also be obtained by applying standard perturbation theory for
Ax = bto (1.2). Note that the term || P~} , is equal to the reciprocal of sep(4, B) in
(1.3).

For the real Lyapunov equation, a similar derivation to the one above shows that
the condition number is

H(In ® A+ 4 ® In)Mi I:a((XT ® In) + (In ® X)HT)’ W?Iﬁz:l IIZ/“XHI%

where IT is the vec-permutation matrix.

How much can the bounds (4.2) and (4.4} differ? The answer is: by an arbitrary
factor. To show this we consider the case where B is normal (or equivalently, 4 is
normal if we transpose the Sylvester equation). We can assume B is in Schur form,
thus B = diag(y;) (with the y; possibly complex). Then P = diag(4 — p;;1,,) ', and
it is straightforward to show that if X = [x,,...,x,], and if we approximate the
2-norms in the definitions of ¥ and @ by Frobenius norms, then

Y10 — k)™ X1

i=1

W~ (az 3 2004 = pyl) ™ E + B°
=1

1

7Y I u,-,-Im)‘iuﬁ)/uxui,

ji=1
while G Y IA — pyhe) IR+ B+ XY

These formulas show that in general ¥ and @ will be of similar magnitude, and we
knowthat ¥ < & from the definitions. However, ¥ can be much smaller than @. For
example, suppose that y = 0 and

”(A - surmlm)# ! HF >> max ”(A - tujjlm)dlnl"

Then if
1% ll2/1 X llr << 1 and (4 — ) Xe/1X |r << (A = tonlm) ™ l6s

we have ¥ << @. Such examples are easily constructed. To illustrate, let
A = diag(2,2,...,2,1) and B = diag(1/2,1/2,...,1/2,1 —¢), with ¢> 0, so that
A— ppl, =diag(l +¢& 1+e...,1+¢¢), and let X =(4 — u,,1L,)Y, where
Y =[9..-,5%0] with [(4 — gLyl = |4 — pualnll; and |yl = 1. Then, if
7 = 0f9),

Y= 0@+ p2), dxe 0+ )

To summarise, the “traditional” perturbation bound (4.4) for the Sylvester equa-
tion can severely overestimate the effect of a perturbation on the data when only
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A and Bare perturbed, because it does not take account of the special structure of the
problem. In contrast, the perturbation bound (4.2) does respect the Kronecker
structure, and consequently is attainable for any given 4, B and C.

To obtain an a posteriori error bound for a computed sotution X = X + AX we
canset Ad =0, AB=0and AC = AX — XB — C = R in (4.1), which leads to

(4.5) I1X = Xle/1X e < 1P 2 IRIE/1X |15-

A similar but potentially much smaller bound is described in the next section.

5. Practical error bounds.

For an approximate solution % to a linear system Ax = b of order n, we have for
r=>b— A%,

Ix = %o = 1A 7l < HATH I s
and this bound is optimal if we are prepared to ignore signs in the elements of 471

and r. To obtain a strict computed bound it is necessary to add a term that takes
account of any rounding errors in forming r. The overall bound is

Ix — 2o _ 11A7"I0M + (» + Du(A] Ix| + b)) |
£l — 1%l e )

(.1)

The numerator in the bound is of the form || |4~ !|d||,, and as in [2] we have

1AMl = 14" "|Dell, = | |47 Dle]l,
=[147"D| | = 147" D,

where D = diag(d) and e = (1, 1,... 1)". Hence || {4~ *|d||,, can be estimated using
the norm estimator of [ 11, 18, 19], which estimates || BJ|, at the cost of forming a few
matrix-vector products involving B and B”. With B = (47! D)” we need to solve
a few linear systems involving A and A”. The bound (5.1) is the one returned by the
linear equation solvers in the Fortran linear algebra library LAPACK [17; it is
estimated in the way described above.

For the Sylvester equation we can use the same approach if we identify Ax = b
with (1.2). For the computed residual we have

R=fiC—(AX — XB) =R + AR,
|AR| < u(3|C] + (m + 3)[A| |X] + (n + 3)|X]| |B]) = R,.

Therefore the bound is

1X — Rl _ 1P~ (lvec®) + vecRu)l
DU B{® ’

(.2)
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where || X || = max; ;|x;;|. Using the technique described abcve, this bound can be
estimated at the cost of solving a few linear systems with coefficient matrices
I,® A— B"®]1, and its transpose — in other words, solving a few Sylvester
equations AX — XB = Cand A”X — XB” = D. If the Bartels-Stewart algorithm is
used, these solutions can be computed with the aid of the previously computed
Schur decompositions of 4 and B. The condition number ¥ in (4.3} and
sep(A4,B) = |P1);* can both be estimated in much the same way. Alternative
algorithms for efficiently estimating sep(A4, B) given Schur decompositions of A and
B are given in [6,23].

The attraction of (5.2) is that large elements in the jth column of P~ may be
countered by a small jth element of {vec(R)| + vec(R,), making the bound much
smaller than (4.5). In this sense (5.2) has better scaling properties than (4.5), although
(5.2} is not actually invariant under diagonal scalings of the Sylvester equation.

We give a numerical example to illustrate the advantage of (5.2) over (4.5). Let

A=J5(0, B=Js(1073), ¢y = 1,

where J,(4) denotes a Jordan block of size n with eigenvalue 1. Solving the Sylvester
equation by the Bartels-Stewart algorithm we found that the bounds are

(4.5):8.00 x 1073, (5.2):6.36 x 10713

(where in evaluating (4.5) we replaced R by |R|+ R,, as in (5.2)). Here,
sep(4, B) = 1.67 x 107¢, and the bound (5.2) is small because relatively large
elements of [vec(R)| + vec(R,) are nullified by relatively small columns of P~*. For
this example, with & = |4, B = [|Bls, 7= {Cllr, we have

¥ =700 x 10°, @ =170 x 10",

confirming that the usual perturbation bound (4.4) for the Sylvester equation can be
very pessimistic. Furthermore,

IRl
(4llz + 1Bip) | Xlir + ICllF

(X) = {6 x 1015, 5 x 10% 3 x 10?},
n(X)~ |H r|, = 1.00 x 107*°, =226 x 103,

=7.02 x 10724,

so we have an example where the backward error is small despite a large-normed
H*,since [Hrl, << [|[H" ||s]Ir]l,. i

Finally, we mention that the backward error of a computed solution X can be
bounded by estimating 0,,,,(X) and then evaluating the bound in (3.8). If a QR
factorization X = QR is computed, then any available condition estimator can be
used to estimate 6, (R) = Gmin(X). Note that the backward error can be computed
“exactly” as |H *rl|, (see (3.6)) using only the SVD of X, since the SVD of H is given
in terms of that of X as described in (3.7).
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6. Software.

The computations discussed above can all be done using the LAPACK software[1].
The Bartels-Stewart algorithm can be implemented by calling xGEES? to compute
the Schur decomposition, using the level 3 BLAS routine xGEMM to transform the
right-hand side C, calling xTRSYL to solve the {quasi-) triangular Sylvester equa-
tion, and using xGEMM to transform back to the solution X. The error bound (5.2)
can be estimated using xLACON (which implements the estimator of [11, 18, 197) in
conjunction with the above routines. We have written a Fortran 77 code dggsvx that
follows the above outline. It is in the style of an LAPACK driver and follows the
LAPACK naming conventions.
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