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Summary. A forward error analysis is presented for the Bj6rck-Pereyra
algorithms used for solving Vandermonde systems of equations. This analy
sis applies to the case where the points defining the Vandermonde matrix
are nonnegative and are arranged in increasing order. It is shown that for a
particular class of Vandermonde problems the error bound obtained de
pends on the dimension n and on the machine precision only, being
independent of the condition number of the coefficient matrix. By compar
ing appropriate condition numbers for the Vandermonde problem with the
forward error bounds it is shown that the Bj6rck-Pereyra algorithms in
troduce no more uncertainty into the numerical solution than is caused
simply by storing the right-hand side vector on the computer. A technique
for computing "running" a posteriori error bounds is derived. Several
numerical experiments are presented, and it is observed that the ordering of
the points can greatly affect the solution accuracy.

Subject Classifications: AMS(MOS): 65G05, 65F05; CR: G1.3.

1. Introduction

A Vandermonde matrix may be defined in terms of a set of distinct scalars
(xo, (Xl' ••• , (XnE<C by

1 ... 1

(1.1 )

The associated linear systems

Primal: Vx=b,

Dual: V T a=!,
(1.2)

(1.3)
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arise in a variety of applications. Some examples are polynomial interpolation,
numerical differentiation [15J, approximation of linear functionals [3, 4, 14J
rational Chebyshev approximation [2, 8J, and polynomial root finding [19J. In
some of these applications many Vandermonde systems may have to be solved,
so an efficient method is desirable for their solution.

The standard method for solving dense systems of linear equations, Gauss
ian elimination, requires O(n 3

) arithmetic operations and O(n 2
) elements of

storage when applied to (1.2) or (1.3). Several authors have attempted to
exploit the structure of the Vandermonde matrix in order to derive more
efficient solution methods. Lyness and Moler [15J derive via Neville interpo
lation an algorithm for solving the dual system (1.3); the algorithm has an
operation count of approximately tn 3 (M +2A), where A denotes an addition
or subtraction and M a multiplication or division, and it requires -t n2 elements
of storage. Ballester and Pereyra [3J show how the primal system (1.2) can be
solved in -t(3n+2)(n+ 1)(M +A) and -tn2 elements of storage by using re
cursion formulae that enable the LV factors of V to be computed in O(n 2

)

operations (see also [9J). Still more efficient algorithms are derived by Bjorck
and Pereyra [5J, for both the dual and the primal problems; these algorithms
have an operation count of -t n(n + 1)(2M + 3A) and require no storage over
and above that needed for the points li.i and for the right-hand side, which is
transformed into the solution vector. More recently, Tang and Golub [18J
have derived a b~ock decomposition method that is well suited to parallel
computation and to the solution of interpolation problems with complex
conjugate interpolation points where the coefficients of the interpolating poly
nomial are real. For the block size 1, the method of [18J is similar, but not
equivalent, to the Bjorck-Pereyra algorithms.

To the author's knowledge no rounding error analyses have been published
for the algorithms cited above. Such analyses are desirable in order to reveal
potential instabilities in the algorithms and to enable the user to estimate the
accuracy of computed solutions. These considerations are especially pertinent
when solving Vandermonde systems, for it is widely appreciated that Vander
monde matrices tend to have large condition numbers K(V) [11, 12J, where
K(A) = IIA IIIIA -111 is the condition number of A with respect to inversion.
Indeed, large values for K(V), and inaccurate computed solutions to (1.2) and
(1.3), have been observed in practical problems [2, 8J. It is known, however,
that accurate solution of a Vandermonde system is not necessarily precluded
when K(V) is large. Bjorck and Pereyra [5J present a test problem for which
their algorithm gives a very accurate computed solution, even though the
associated Vandermonde matrix has a large condition number. They state in
[5J (see also [13, p. 123J):

"It seems as if at least some problems connected with Vandermonde sys
tems, which traditionally have been considered too ill-conditioned to be at
tacked, actually can be solved with good precision".

In this paper we present an a priori rounding error analysis of the Bjorck
Pereyra algorithms for the case where the points lJ. i are real, nonnegative and
arranged in increasing order. This analysis, in Sect. 2, provides an element-wise
bound for the vector of relative errors in the computed solution. The impli-
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cations of the bound are explored in Sect. 3. In particular it is shown that for a
particular class of Vandermonde problems the bound depends only on nand
on the machine precision, being independent of the condition number K(V).
Our analysis therefore provides an explanation for the phenomenon, observed
in [5J, of highly accurate computed solutions.

In Sect. 4 condition numbers are derived for systems (1.2) and (1.3), appro
priate to the situation where the data (a o, a 1 , ••• , an and the right-hand side
vector) are subject to small relative perturbations. By comparison with the
error analysis it is shown that if the points ai are nonnegative and in increasing
order, then the Bjorck-Pereyra algorithms introduce no more uncertainty into
the numerical solution than is caused simply by storing the right-hand side
vector on the computer.

The practical computation of error bounds is considered in Sect. 5. Here, a
"running" error bound technique is described that is applicable to any distri
bution of the points. Numerical experiments are presented in Sect. 6 in order
to illustrate the error analysis and to investigate several interesting questions
raised in the preceding sections.

To conclude the introduction, we state the algorithms to be analysed. For a
derivation of the algorithms, see [5J or [13 Sect. 5.6J, and for Algol 60
procedures see [5J. Our notation follows that of [5J except that we adopt the
convention that an element' zjk) , (j'th element at the k'th stage) not formally
defined in an algorithm takes the value 'zjk-1)" that is, undefined elements
retain their value from the previous stage.

Algorithm 1. Primal (Vx == b).

Stage I : djO) = bj (j = 0, ... , n)

For k=O to n-l

Ldjk+ 1) = djk) - akdjk21 (j = n, n -1, ... , k + 1)

Stage II: xjn) = djn) (j = 0, ... , n)

For k = n -1 to 0 step - 1

l
(k+-1-) xjk+ 1)

x j 2 = (j=k+1, ... ,n)
a j -a j _ k _ 1

X(k) -X(k+t) _X(k+t) (. k 1)
j - j j+1 J= , ... ,n-

Th I · . - (0) ( . - 0 )e so utl0n IS x j - x j ) - , ... , n .

Algorithm 2. Dual (V T a == f)

Stage I: cjO) = fj (j =0, ... , n)

For k=O to n-1

l
C(.k) - C(.k)

cjk + 1) = J J - 1 (j = n, n - 1, ... , k + 1)
aj - a j - k - 1

Stage II : ajn) = cjn) (j = 0, ... , n)

(1.4)

(1.5a)

(1.5b)

(1.6)
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For k = n -1 to 0 step -1

La (k) = a(k+ 1) _IV a(k+ 1) (J. = k n -1)
j j Vvk j + 1 , ... , .

N.J. Higham

(1.7)

Th I · . - (0) ( . - 0 )e so utIon IS aj-aj J-, ... ,n.
Note that stage I of Algorithm 2 is the standard method for evaluating

divided differences (Ckk
) = f [(xo, ... , (Xk]). It is hoped that the analysis presented

here will, in particular, be of help in understanding the propagation of round
ing errors in divided difference schemes.

The reader may find it helpful to visualise the Bjorck-Pereyra algorithms in
terms of a "flow diagram", as illustrated in Table 1.1 for the dual algorithm.
An ' x ' denotes a component that has (potentially) changed from the previous
step.

Table 1.1. Dual

j

o
1
2

x
x x
x x

x
x x
x x

n-l
n

x x
x x

x
x x

x
x
x x x

2. Error Analysis

Stage I Stage II

In this section we perform an a priori rounding error analysis for Algorithms 1
and 2. The analysis is a forward error analysis, rather than the backward type
more commonly applied to linear equation solvers; we therefore bound directly
the error in a computed solution rather than show that the computed solution
is the exact solution of a perturbed problem.

We will assume that the points (Xi in (1.1) are real numbers satisfying

(2.1)

This assumption assures the validity of certain sign properties upon which our
analysis relies. The requirement that the points are in increasing order can
always be satisfied by a simple re-ordering of the columns of the primal
system, or the rows of the dual. However, it is important to realise that
Algorithms 1 and 2 are not invariant under such permutations: the rounding
errors committed, and the way in which they propagate, depends on the
ordering of the points. For example, in stage I of the dual algorithm, C)1) (j
= 1, ... , n) depends on the ordering n, where n = (nJ is a permutation of the
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integers 0, 1, ... , n, through

617

We comment further on assumption (2.1) in Sect. 3.
To begin, we present two preliminary lemmas which display some impor

tant sign properties of the Vandermonde systems, and of Algorithms 1 and 2.
The modulus of a vector or matrix, respectively, is defined by Ixi =(lxiD, IAI
= (Iaijl).

Lemma 2.1. Let the points ai satisfy (2.1). If(-1)ibi~0 and (-1)ih~0,for all i,
then

IV- 1bl = IV-11Ibl,
IV-Tfl=IV-Tllfl.

Proof Let V- 1= (Wi) °~ i,j ~ n. It is well known [20J that

(2.2)

where O"k(Yl"'" Yn) denotes the sum of all distinct products of k of the argu
ments Y1 , ... , Yn (that is, 0"k is the k'th elementary symmetric function). From
(2.1) and (2.2), if Wii =F 0,

sign(w
i
) = ( _1)n- i x 1 x ( _1)n-i = ( _1)i+i.

n

Thus, in the inner product (V- 1b)i = I Wij bi , every nonzero term has the
i=O n

same sign, (-1)i+i x (-1)i=(-1)i, so that I(V-1b)il= I Iwi)lbil, as required.
Similarly for V- T f D i=O

Thus, if the components of band f alternate in sign, cancellation through
subtraction cannot occur in forming the products V- 1 band V- T f, the so
lutions to the primal and the dual Vandermonde systems respectively. In our
error analysis we will exploit the fact that a similar" no cancellation" property
holds for solution via Algorithms 1 and 2.

Lemma 2.2. Let the points ai satisfy (2.1) and let the vectors band f satisfy
( - 1)i bi~ 0, ( - 1)ih ~ 0, for all i.

Then, in Algorithm 1,

( - 1)i xlk + t),

and in Algorithm 2,

(-1)idlk)~0} _ ._
( _ l)i X~k) ~° k - 0, 000 ,n, ] - 0, 0 •• , n,

( -1)i C<.k) ~O}
(-l)ia~k)~O k=O,ooo,n, j=O, .. o,n.
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Hence all additions/subtractions in Algorithms and 2 are in fact additions of
numbers with the same sign.

Proof A straightforward induction using (1.4)-( 1.7) and (2.1). D

We are now ready to perform the rounding error analysis. We assume that
the floating point arithmetic satisfies [6, p. 9]

fl(xopy)=(xopy)(1+8), 181~u, (2.3)

where op = +, -, * or /, and u is the unit roundoff.

Theorem 2.3. Suppose Algorithms 1 and 2 are carried out in floating-point
arithmetic with unit roundoff u, where the data (Xi' bi , h (i = 0, ... , n) are floating
point numbers. Assume the points rt i satisfy (2.1). Then, provided no overflows are
encountered, the algorithms run to completion, and the computed solutions X, a
satisfy

Ix -xl ~ 5 nu IV- 1 11bl +O(u 2
),

la -al ~5 nu IV-Tllfl +O(u2
).

Proof We will prove the result for the dual algorithm only; the proof for the
primal is very similar, but slightly longer due to the form of (1.5). To simplify
the presentation we will omit index ranges from equations and inequalities.

First, note that in the absence of overflow, Algorithm 2 must run to
completion, because assumptions (2.1) and (2.3) guarantee that f I (rt i - rt) =t= 0 for
all i =t=j, ensuring the successful evaluation of (1.6).

Let Cjk) and a)k) denote the computed intermediate quantities in Algorithm
2, and define

(2.4)

(2.5)

Our approach is to find recurrence relations satisfied by the errors (5)k), J.1)k) and
thence to majorise I(5)k) I, IJ.1)k) I in terms of the solution to a related Vander
monde system.

First, we obtain recurrences for (5)k) and J.1)k). From (1.6) and (2.3),

Cjk+1)=f 1(f l (Cjk)-C</2 1) )

f I ((Xj -rt j - k - 1)

(
C<k) - C<k) )

= j j-l (1 +8 1)(1 +82)(1 +83),
rt j -rt j - k - 1

(
c<~) - c<~) )

= J J - 1 (1 +11),
rt j -(Xj-k-l

(2.6)

Substituting for e)k) from (2.4), and using (1.6), we find

l5(k) l5(k) ( l5(k) l5(k) )
(5)k + 1) j - j - 1 + 11 cjk + 1) + j - j - 1 •

rt
j
-rt

j
_

k
_

1
rt

j
-rtj _

k
_ 1
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Taking moduli gives

(2.7)

Similarly, from (1.7) and (2.3), using (2.5),

ajk) = f I (ajk+ 1) - f 1((1k aj~+/»))

- ( A(k + 1) A(k + 1) ( 1 )) (1 ) I I< .- 1 2- aj -(1k aj+l +8 1 +82 , 8 i =U, l-, ,

=(ajk+ 1) + J.ljk+ 1) - (1k(ajk++/) + J.ljk++/») (1 + 81)) (1 + 82)

= (ajk) + J.ljk+ 1) - (1k J.ljk++/») (1 + 8 2)

- (1k(ajk++/) + J.ljk++/») 8 1 +O(u 2
). (2.8)

Thus,
lJ(k) _ lI(k+ 1) _ tv lJ(k+ 1) + c (a(k) + lI(k+ 1) _ tv lJ(k+ 1»)rj - rj v"k rj+ 1 &2 j rj v"k rj+ 1

- (1k(ajk++/) + J.ljk++11)) 8 1 +O(u 2
),

which gives, on taking moduli,

IJ.ljk)I~ lJ.ljk+ 1)\ + (1k IJ.ljk++/) I+ u{lajk)1 + (1k laj~+/)I

+ IJ.ljk + 1)1 + 2 (1k I,uY'-t/)I} + O(u 2
),

and this weakens to

Now define
(2.10)

and let pjk>, qjk) denote the values from stage I and stage II respectively of
Algorithm 2 with g as right-hand side. By Lemma 2.2 there is no cancellation
in the evaluation of Algorithm 2 for g.

Hence,

(2.11)

(2.12)

(2.13)

(2.14)

Icjk)1 ~ Ipjk) I,

lajk)1 ~ \qjk)\.

Using (2.10)-(2.12) and (1.6), (1.7) it is easy to show by induction that for all j
and k,

Relations (2.11)-(2.14) are the key to the result.
We claim that the errors bjk) and ,ujk) may be bounded as follows:

Ibjk)1 ~ 3 k u Ipjk) I+O(u 2
),

lJ.ljk) I~ (5 n - 2k) u Iqjk)1 +O(u 2
).

(2.15)

(2.16)
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These inequalities are proved by induction on k. By definition, <5jk) == 0; there
fore, using (2.7) and (2.13),

1<5j1)1 ~ 3u lej1)1 +O(u 2
) ~ 3u Ipjl)1 +O(u 2

).

Assume (2.15) holds for k. Then from (2.7), using (2.13) and (2.11),

1<5~k+1)1 ~(1 + 3u) 3k u (I:~k~ :jl~~= ~I) +3u Ip~k+ 1)1 +O(u 2
)

=((1 +3u) 3k + 3) u Ipjk+ 1)1 +O(u 2
)

= 3(k + 1) u Ipjk+ 1)1 +O(u 2
).

This proves (2.15). The bound (2.16) is the same as (2.15) for k = n. Assuming
(2.16) is true for k + 1, we have from (2.9), (2.14) and (2.12),

IJljk) I~ (1 +2u)(5 n - 2(k + 1)) U(lqjk+ 1)1 + (lk Iqjk++/) I)

+ U(I~jk)1 + (lklqjk++/) I) +O(u 2
)

~(1 +2u)(5n - 2k - 2) u Iqjk)1 +2u Iqjk)1 +O(u 2
)

= (5n - 2k) u Iqjk)1 +O(u 2
),

completing the proof of (2.16).
Finally, we take k=O in (2.16) to obtain

laj - a) = IJljO)I~ 5n u IqjO)1 +O(u 2
),

and we observe from (2.10) and Lemma 2.1 that

Iq(O)1 = IV- T gl = IV- Tllgl
=IV-Tllfl. D

Theorem 2.3 bounds componentwise the absolute error in the computed
solution. The following corollary bounds a norm-wise measure of the relative
error, and will be used for comparison purposes in Sects. 3 and 4.

Corollary 2.4. Under the hypotheses of Theorem 2.3,

IIx-xll oo <5 IIIV- 1
1I b III 00 + O( 2)

Ilxll
oo

= nu IIxli
oo

u ,

Ila-a Il 00 <5 IIIV-Tllfill oo +o( 2)
Iiall

oo
= n u Iiall oo u .

3. Implications of the Error Analysis

Now we discuss in detail the implications of Theorem 2.3, with particular
reference to the primal algorithm (analogous comments apply to the dual).
Throughout this section it is assumed that condition (2.1) is satisfied.
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First, we show why Theorem 2.3 may, from one viewpoint, be regarded as
very satisfactory. Consider the "ideal" situation where y- 1 is known exactly,
with fl(y-l)=y-l and fl(b)=b, and suppose the solution to the primal
system is computed as x==fl(V- 1 x b). Then, using the standard rounding
error analysis for inner products [13, p. 36], the error in x can be bounded by

this is the same bound as in Theorem 2.3, except for the unimportant constant
factor 5.

Consider now the case where, in Algorithm 1,

( - 1)i bi~ 0, i == 0, ... , n.

From Lemma 2.1, Iy - 111 bI== IY - 1b I== Ix I, whence Theorem 2.3 yields

lx-xl ~5nu Ixl +O(u 2
).

(3.1)

(3.2)

Thus, to first order in u, the relative error in computed nonzero components of
x is bounded by a quantity independent of the condition number key), and the
bound is about as small as could possibly be expected! We have therefore
identified a class, (3.1), of Vandermonde systems for which the Bjorck-Pereyra
algorithm is guaranteed to provide high accuracy.

An interesting application of (3.2) is to the computation of Y - 1 via Algo
rithm 1 with b == ei , 0 ~ i~ n, where the identity matrix I n+ 1 == [eo, el' ... , en]'
Denoting the computed y- 1 by g == [xo, Xl' ... , xnJ we have

(3.3)

which shows that, contrary to what one might expect, Y- 1 can be computed
with high relative accuracy, however ill-conditioned the matrix v: It should be
mentioned that this approach to computing Y- 1 requires O(n 3

) operations,
whereas Traub [20J gives a method requiring only O(n 2

) operations. However,
[20] does not contain a rounding error analysis, and it can be shown that
Traub's O(n 2

) algorithm must involve subtraction of like-signed numbers, sug
gesting that a result of the form (3.3) will not hold.

In Corollary 2.4 the key quantity in the bound for the primal algorithm is

Note that
1~ e(v: b) ~ y(Y),

where
(3.4)

To gain insight into e(v: b) it is helpful to consider Y and Ibl fixed, with
different distributions of sign(bJ. In general, as these signs vary, the solution x
varies in norm. For the distribution of alternating signs we have seen that
llxll oo attains the maximal value Illy- 1l\blll 00' so that e(v: b) == 1. However, there
may be sign distributions for which e(v: b) ~ 1. For example, for n == 1, with
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O~aO<al~aO and b=[l,ao]T, x=[l,O]T and O(J!:b)=(a 1 +aO)/(a 1 -aO). Note
that O(J!: b) can be large only when there is severe cancellation by subtraction
in the product x = V- 1 b.

Loosely, we can say that O(J!: b) is large or small if the system Vx = b has
respectively a "small solution" or a "large solution".

We stress that the results of Sect. 2 are valid for the case °~ ao < ... < an
only. For some alternative orderings of one-signed points, our results hold with
suitable modification (for example, °~ ao > ... > an). However, for distributions
containing both positive and negative points, suitable analogues of the results
on which our analysis is based, Lemmas 2.1 and 2.2, do not hold. In particular,
for a given Ibl there does not always exist a sign distribution S = diag( ± 1) such
that no genuine subtraction of like-signed numbers occurs in Algorithm 1 for
the right-hand side Sibl. An example is given by the case n=l, ao<O, a1 >0,
fo+O,fl +0, in the dual algorithm; see Table 2.1.

Table 2.1. Dual

j l=c(O) C<l)=dl) dO)

0 10 fo-ao (ft - fa)
iX 1 -iXo

11
11-10
iX 1 -iXo

To avoid subtraction in forming Cl1), we require that ft/o ~O; but then, (It
- lo)/(a t - ao) has opposite sign to fo and subtraction occurs in forming a~O).

Interchanging ao and at does not help. For a case such as this, the technique
used to prove Theorem 2.3 is not applicable, because a suitable majorising
Vandermonde system (corresponding to the right-hand side g in (2.10)) cannot
be constructed.

Finally, we use Corollary 2.4 to compare the Bjorck-Pereyra primal algo
rithm with Gaussian elimination applied to (1.2), for the case where the points
ai satisfy (2.1). Let x denote the computed solution from Gaussian elimination.
To obtain an a priori bound for the error IIx - xII, it is necessary to appeal to a
backward error analysis. A particularly strong backward error result, given in
[7], can be employed if we assume that pivoting is not used. For V is totally
positive when the points ai satisfy (2.1), that is, all the minors of V are
nonnegative [10, p. 99]. Applying the results of [7] for Gaussian elimination
without pivoting on a totally positive, nonsingular matrix, we have

(V+E)x=b, IEI~8IVI, 8=4nu+O(u 2
), (3.5)

provided u is sufficiently small. (Here we have taken into account the errors
which may be incurred in forming V from the aJ. A sharp bound for /I x - xII 00

can be obtained by applying the perturbation theory of [17, Theorem 2.4] to
(3.6); this yields

(3.6)
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Ignoring the unimportant constant factors 4 and 5, we see that the forward
error bound (3.6) for Gaussian elimination is larger than the bound in Corol
lary 2.4 for Algorithm 1 by the factor Q(JI: b), where (see (3.4))

I~ Q(JI: b)1 III V - 111 V Ilxlll 00:::; (V):::; k (V)
IIIV- 11IbIII

00
-Y - 00 •

This comparison between bounds on the respective forward errors suggests,
though it does not prove, that the computed solution from Algorithm 1 will
usually be at least as accurate as that from Gaussian elimination, and may, in
cases where Q(JI: b) is relatively large, be far more accurate.

We remark that the assumption of no pivoting is "fair" to Gaussian
elimination in the sense that if any form of pivoting is used, it does not seem
possible to obtain an a priori backward error result as strong as (3.5).

4. Condition Numbers

Theorem 2.3 gives a bound for the difference between the true and the com
puted solutions to the machine problem: the problem defined by the machine
numbers &i' bi,.1· The machine numbers may be subject to uncertainty, for
example through rounding errors in converting to floating point (e.g., &i
== f 1(1/(1 + i))) or through rounding and truncation errors in computing the
data (e.g.,.1 == f I (exp(aJ)), so the machine problem may differ from the problem
whose solution is required. It is therefore desirable to understand the sensi
tivity of Vandermonde systems to perturbations in the data, that is, the
conditioning of problems (1.2) and (1.3). By combining knowledge of the
conditioning with the error analysis of Sect. 2, one can obtain bounds for the
"true" error. A further, and equally important reason for investigating the
conditioning is to determine whether Algorithms 1 and 2 introduce any more
uncertainty into the computed solution than can be attributed to an inexact
machine problem.

It is clear that the standard perturbation results for a linear system A x == b,
and the associated condition numbers, are applicable to Vandermonde sys
tems; indeed much interesting work has been focussed in this direction (see, for
example, [11, 12J). However, insofar as these results apply to general linear
systems they do not take account of the structure of the Vandermonde matrix
and so may be pessimistic. Note, for example, the rigid conditions to be
imposed on a perturbation bV if V + bV is to be a Vandermonde matrix.

In this section we derive condition numbers for the dual and the primal
Vandermonde systems. No restrictions are placed on the points ai • We use the
same metrics in which to measure perturbations in the data and in the
solution, and hence the same definition of condition number, as Skeel [17,
Sect. 2J. Thus a perturbation b~ in the vector ~ of data (which consists here of
the points ai together with the right-hand side b or f) is measured by the
smallest 8 such that
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and the corresponding perturbation bx in the solution is measured norm-wise
by

Ilbxll 00

Ilxll oo •

The associated condition number is defined by

We consider first perturbations in the right-hand side alone. In this case the
special structure of V confers no advantage.

Lemma4.1 [17]. Let Ax=b and A(x+bx)=b+bb, where Ibbl~8Ibl. Then

with equality for suitable choice of bb.

Proof The bound follows from Ibxl = IA -1 bbl ~ 81A -lllbl. Equality is attained for
(bb)j=sign((A- 1)k)8Ib), where IIIA- 11IbIIl 00 =(IA- 1 1Ibl)k' D

We conclude that condition numbers for (1.2) and (1.3) with respect to
relative perturbations in the right-hand sides are, respectively,

Since these are the same quantities that appear in the bounds of Corollary 2.4,
it follows that for the distribution (2.1), ignoring the second-order terms and
the factors 5n in Corollary 2.4, Algorithms 1 and 2 introduce no more un
certainty into the numerical solution than was already present if the machine
right-hand side vector were subject to relative errors of the order of the unit
roundoff.

Next, we consider perturbations in the points (Xi' For the primal system, V
= V((Xo' ... '(Xn)' let

Vx=b;

aj=(Xj(l +e), 18jl ~8, j=O, ... , n;

V(ao, ... , an) == V + bV = V + W +0(82
);

(V +bV)(x+bx)=b.

It is easy to check that we can take

(4.1)

(4.2)
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° °
En (Xn

2 En (X~ == H n Ydiag(£J,

625

where
H n == diag(O, 1,2, ... , n).

From (4.1) and (4.2),

bx== _(y- I bYx+ y-I bYbx),

which, provided that II y-I bY11 < 1, implies

Ily-IbYxll b Ily-IbYxll
1+ 11V- 1 bV11 ~ II xii ~ I-IIV- 1 bVII'

Now

(4.3)

Ily- 1 Wxll +0(E 2
).

and

so

lIy- 1 bY11 ==0(£),

Ily- 1 bYxl1 == Ily- 1 Wxll +0(£2),

Ily- 1 bYxl1
1± Ily- 1 bY11

Substituting in (4.3), we obtain

Ilbxll _II y-I Wxll ( 2

Ilxll - Ilxll +0 e ).

Therefore, the required condition number is an attainable bound for
II y-I Wxll 00/(£ Ilxll (0) that is independent of the individual Ej . This bound can
be computed with the aid of the following lemma.

Lemma 4.2. Let AElRn
x n, ZElRn and IE) ~ E, j == 0, ... , n. Then

with equality for suitable choice of Ej' j == 0, ... , n.

Proof The bound follows from IA diag(£i) zl ~ IAI E I Izi == E IAllzl. Equality is
attained for Ej == sign(akj z) E, where

IIIAllzili oo == (IAllzl)k· D

Applying the lemma to the expression

we deduce the condition number for the primal system with respect to relative
perturbations in the (Xi'

IIly- 1 H n Yllxlil oo

Ilxll oo
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In similar fashion one can show that the condition number for the dual
problem with respect to relative perturbations in the rJ,i is given by an attain
able upper bound for II V- T W T all 00/(8 lIall 00). Applying Lemma 4.2 once again,
we find the condition number

The following bounds on the condition numbers are easily derived. Recall
from (3.4) that y(V)= IIIV-11IVIII 00 ~Koo(V). We have

1~~~y(V),

1~Dl ~y(VT),

°~ li ;£ n y(V),

O~D2~ny(VT).

The lower bounds are attainable for suitable choice of the Vandermonde
system; this follows from Sect. 3 for Jr and Dl' and for li and D2 is shown by
the examples

li=Oforx=eo=[1,O, ... ,OJ T, rJ,o=O(~=1),

D 2 =Ofora=eo (Dl=IIV-Tll oo)·

The upper bounds for Jr and Dl are attainable, but those for li and D2 are
not.

Unfortunately, there does not appear to be any straightforward relationship
between ~ and li, or between D l and D2 , so it is difficult to compare
theoretically the effect of perturbations in the points rJ,i with the effect of
perturbations in the right-hand side.

5. Running Error Bounds

Practical experience with Algorithms 1 and 2 [5] shows that the computed
solutions obtained on different problems can vary greatly in accuracy, and the
analysis of Sect. 3 indicates that wide variation is possible even for fixed V with
different right-hand sides. Clearly, estimates of the error in a computed so
lution are desirable.

Suppose the points rJ,i satisfy (2.1) and consider Algorithm 1. Theorem 2.3 is
applicable and provides a bound for the error lx-xl in terms of ¢=IV-lllb\.
From Lemma 2.1 it follows that ¢ may be evaluated efficiently as the modulus
¢ = Iyl of the solution to the additional Vandermonde system

However, the main purpose of the a priori bonds of Theorem 2.3 is to give
insight into the numerical behaviour of Algorithms 1 and 2, and one would
not expect the bounds always to be accurate, because of the many inequalities
used in their derivation.

We now present an alternative, a posteriori technique for bounding the
error, which is applicable to any distribution of the points. The technique is
essentially the same as that used in [1, 16J for bounding the error in evaluating
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a polynomial by Horner's scheme. The idea is to compute "running" bounds
for the errors bjk), Iljk) in the proof of Theorem 2.3, using versions of Eqs. (2.7)
and (2.9) that contain the computed quantities 8</), ajk), rather than their exact
(and hence unknown) counterparts cjk), ajk). The majorisation in the second part
of the proof of Theorem 2.3 is not carried out, so, to first order, the running
bounds are no larger than those provided by Theorem 2.3.

The running bounds are computed concurrently with the main solution
process, since they make use of the intermediate computed quantities 8</), ajk)
or J)k), xjk).

The bounds are defined by the following recurrences, whose straightforward
derivation (cf. [1, 16]) is omitted.

For Algorithm 1

Stage I:

Stage II:

For Algorithm 2

Stage I:

Stage I I:

L1(.k+ 1) == L1(~) + Irx IL1(.k) + I~.k+ 1)1 + Irx ~.k) I
J J k J- 1 J k J- 1

M(.k+l)
Mjk+ t )== J +2Ixjk+ t )1

Irxj - rx j _ k _ 11

M(~) == M(.k+ t) + M(.k++
1
t )+ IX(.k)1

J J J J

(5.1)

(5.2a)

(5.2b)

(5.3)

(5.4)

The index ranges are understood to be those defined in the respective algo
rithms, and in both cases initial values are defined by

L1(,o) ==° }
J(n)_ (n) j==O, ... ,n.

M j - L1 j

The final error bounds are, for z == x (Algorithm 1) or z == a (Algorithm 2).

Iz - 21 ~ u IM(O)I +O(u 2
). (5.5)

The running bounds are slightly more expensive to evaluate than the
bounds based on Theorem 2.3, due to the terms involving C(.k), a(.k), ~.k) X(.k) in

J J J J

(5.1 )-(5.4).
Some numerical experiments to compare the running bounds with the a

priori bounds of Theorem 2.3 are reported in the next section.

6. Numerical Experiments

Several numerical experiments have been carried out using a Fortran 77
program on a CDC computer with unit roundoff u==2-48~3.55x 10- 15

. The
following questions were investigated.
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1) How much smaller are the running error bounds than the a priori
bounds?

2) Are the running error bounds realistic estimates of the error?
3) Is the ordering in (2.1) demonstrably superior to other orderings?
4) Are the answers to questions 2) and 3) valid for general points rt i , or just

for nonnegative points?
Numerical results for the first question may be summarised as follows. We

ran a wide variety of dual and primal test problems for points satisfying (2.1),
with 5~ n~ 30. In every case the a priori bound of Theorem 2.3 was larger in
every component than the running bound (5.5) (as expected - see Sect. 5),
usually by approximately the same factor for each component. The largest
ratio of components was 1.76 x 104

, with ratios of orders 102 and 103 occurring
frequently.

To investigate the remaining questions the following approach was adopt
ed. Each test problem was formed and solved, and the running error bound
computed, in single-precision arithmetic. The single-precision numbers defining
the machine problem were converted to double-precision and the problem then
solved entirely in double-precision arithmetic. The difference between the com
puted single- and double-precision solutions was used to form an approxima
tion e to the relative error,

for all problems of interest (that is, those with x(sp) having some correct digits)
e can be expected to give the relative error correct to single precision.

Six test problems are reported in detail. The first two are taken from [5J,
with the points, which are in decreasing order in [5J, rearranged in increasing
order.

Primal:
1

rti n-i+3' bi=y; (6.1)

Dual: rt i h = ~(rtJ, (6.2)
n-i+2'

where ~(x) is the Chebyshev polynomial of degree n. Problem (6.2) is to
recover the coefficients of a Chebyshev polynomial from function values at the
points rti • The remaining problems are

(6.3)

(6.4)

(6.5)

Dual:
2i

rti = -1 +-,
n

(6.6)
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Table 6.1. Problem 6.1

n Ixil Increasing order Random order

min max MJei eJu MJei eJu
max max max max

5 4.6El 3.6E3 1.lE2 2.6 1.8E2 6.0
10 6.3E2 1.6E9 2.9E2 l.OEI 1.8E4 3.8E4
15 7.0E3 8.6E15 9.5E2 l.8E1 3.6E7 l.2ElO
20 7.0E4 2.5E23 3.5E4 l.7E1 l.5E14 9.7El4
25 6.6E5 2.5E31 7.0E4 2.1E1 5.2E11 1.2E26
30 5.9E6 6.9E39 3.4E4 2.4E1 4.1E24 1.6E29

Table 6.2. Problem 6.2

n lail Increasing order Random order

min max MJei eJu MJei eJu
max max max max

5 6.2E-13 2.0El l.OE3 1.1E12 5.2El 1.9El3
10 1.4E-8 5.1E2 2.5El 1.7E13 3.4El l.8El5
15 6.9E-7 4.8E7 3.3E1 8.9El1 1.1E3 2.9El4
20 5.2E-2 4.4El6 9.2E1 1.2E12 1.lE6 7.0E13
25 5.6E-3 4.6E24 7.6 2.8E15 1.2E6 l.lE18
30 4.5 2.6E35 2.3El 2.3E13 2.8E6 4.6El5

The points in (6.3) and (6.5) are the Chebyshev interpolation points [6, p. 243J,
for the intervals [O,IJ and [ -1, IJ respectively, and in both cases the problem
is to compute the last column of V- 1.

In each test, the problem was solved twice, first with the points in the
given, increasing order, and then with a random ordering (depending on n, but
the same for each problem). The results are given in Tables 6.1-6.6, in which
M i denotes the i'th component of the running error bound. Note that, ideally,
M)ei == 1 (exact bound) and e)u == 1 (minimal relative error).

We make the following comments and observations on Tables 6.1-6.6.
(a) The tendency of Vandermonde matrices to be extremely ill-conditioned

(in the sense of a large standard condition number K(V)) is evident from the
large-normed solutions, which are produced from right-hand sides with ele-
ments of order 1. .

(b) For the increasing order, Tables (6.1) and (6.3) illustrate well the phe
nomenon of highly accurate computed solutions. For problem (6.3) the high
accuracy is predicted by the a priori bound of Theorem 2.3 (see (3.1), (3.2)).
However, in problem (6.1) the a priori bound was between 10 and 20 times
larger than the running bound, which itself was a moderately pessimistic
estimate of the error, as can be seen from Table 6.1.

(c) The quality of the running bounds as estimates of the error is somewhat
variable. In problems (6.2), (6.3), (6.4) and (6.5), for the increasing ordering, the
running bound provides a sharp estimate, but in problems (6.1) and (6.6) it is
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Table 6.3. Problem 6.3

n Ixil Increasing order Random order

min max Mi/ei eJu MJei eJu
max max max max

n 4.4El 1.6E2 1.3El 4.3 4.0E1 5.8
10 1.4E4 9.5E4 6.3 8.5 2.3E4 2.0E1
15 6.6E6 6.7E7 l.1E1 l.1El 7.3E5 4.7E2
20 3.9E9 5.2EI0 8.5 1.8E1 1.6E7 1.2E4
25 2.6E12 4.3E13 6.1 2.3El 2.6E12 1.1E4
30 1.9E15 3.7E16 I.2El 2.2El 1.5E11 4.9E4

Table 6.4. Problem 6.4

n lad Increasing order Random order

min max MJei eJu Mi/ei eJu
max max max max

5 1.0 1.6E1 7.5 3.2E1 2.7E1 7.8El
10 9.2E-1 2.8E3 1.1E3 4.8El I.3E3 2.1E3
15 2.0E-l 1.3E6 4.3 1.9E4 4.8E3 5.2E5
20 2.5E-2 3.6E8 5.2 1.0E6 2.4E5 3.6E7
25 2.8E-3 7.4E10 1.4 3.0E9 3.0E8 2.3E10
30 2.8E-3 1.1E13 1.1E1 4.4E10 3.6E9 3.3E12

Table 6.5. Problem 6.5

n Ixil Increasing order Random order

min max MJei eJu MJei eJu
max max max max

5 1.4 5.2 6.3 5.8 4.4E1 5.8
10 1.3El 9.3E1 6.1 9.7 4.6E3 3.9£1
15 2.0E3 2.0E3 6.5 1.1E1 3.3E6 1.3E3
20 3.7E3 5.0E4 8.4 1.6E1 2.7E6 1.4E4
25 7.8E4 1.3E6 8.5 2.5E1 1.7E11 6.3E3
30 1.7E6 3.5E7 9.2 2.2El 9.1E11 2.0E6

Table 6.6. Problem 6.6
•

n lail Increasing order Random order

min max MJei eJu MJei eJu
max max max max

5 2.5E-2 3.1 1.5E2 7.4 9.7E2 2.7E2
10 2.6E-3 2.2 1.5E3 5.1E3 1.1E4 1.7E5
15 3.1E-4 1.7 4.5E7 1.4E3 1.6E7 8.4E7
20 3.9E-5 1.5 1.2E6 3.0E7 1.0E6 6.2El1
25 5.1E-6 1.4 4.6E6 7.7E10 5.6E10 6.5E14
30 1.2E-6 1.2 8.6E7 3.5E13 4.8E13 2.1E17
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quite pessimistic. For the random ordering the running bound is completely
unreliable as an error estimate.

(d) The maximum componentwise relative error is, in every case, larger for
the random ordering of points than for the increasing ordering. The ordering
clearly can have a profound effect on the relative error: in problem (6.1), for n
== 20, 25, 30, the increasing ordering yields approximately 14 correct significant
digits, the random ordering none.

7. Conclusions

Our investigation has provided several new insights into the numerical be
haviour of the Bjorck-Pereyra algorithms for solving Vandermonde systems.
The rounding error analysis in Sect. 2 gives theoretical support to the obser
vation of Bjorck and Pereyra that their algorithms sometimes produce surpris
ingly accurate solutions to ill-conditioned systems. The analysis requires that
the points r:J. i be nonnegative and be arranged in increasing order. We identified
certain sign properties that are essential to the analysis (Lemmas 2.1 and 2.2),
but which do not hold for general orderings of the points, or for distributions
containing both positive and negative points.

The numerical results of Sect. 6 demonstrate clearly that the ordering of the
points can have a profound influence on the accuracy of the computed solution
(see, in particular, Table 6.1). The combined theoretical and numerical evidence
presented here leads us to conclude that the increasing order is a sound choice,
though we suspect that the best ordering (that is one that minimises the error
in the computed solution, or an a priori bound on the error) may be problem
dependent. We have been unable to discern numerically any major difference
in the behaviour of the Bjorck-Pereyra algorithms for the cases of nonnegative
points and general points r:J. i •

In summary, we make the following recommendations for use of the
Bjorck-Pereyra algorithms.

(1) Order the points r:J. i in increasing order.
(2) If error estimates are required, compute concurrently with the main

solution process the running error bounds of Sect. 5. These bounds can
overestimate the error by many orders of magnitude, but they may be useful
for verifying that correct digits have been obtained.

(3) If the machine data (Xi' and b or f, is contaminated by small relative
errors, use the condition numbers of Sect. 4 to estimate the corresponding
additional uncertainty in the computed solution.
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